The model under consideration is the classical two-dimensional one-component plasma (jellium) of pointlike particles with charge e, interacting pairwisely via the logarithmic Coulomb potential and immersed in a uniform neutralizing background charge density. The system is in thermal equilibrium at the inverse temperature β, its thermodynamics depends only on the coupling constant Γ = βe 2 . We put into an infinite (homogeneous and translationally invariant) plasma a guest particle of charge Ze with Z > −2/Γ in order to prevent from the collapse of the jellium charges onto it. The guest particle induces a screening cloud (the excess charge density) in the plasma. The zeroth and second moments of this screening cloud were derived previously for any fluid value of Γ . In this paper, we propose a formula for the fourth moment of the screening cloud. The derivation is based on the assumption that the fourth moment is, similarly as the second moment, analytic in Z around Z = 0. An exact treatment of the limit Z → ∞ shows that it is a finite (cube) polynomial in Z. The Γ -dependence of the polynomial coefficients is determined uniquely by considering the limits Z → 0 and Z → ∞, and the compressibility sum rule for Z = 1. The formula for the fourth moment of screening cloud is checked in the leading and first correction orders of the Debye-Hückel limit Γ → 0 and at the exactly solvable free-fermion point Γ = 2. Sufficient conditions for sign oscillations of the induced charge density which follow from the second-moment and fourth-moment sum rules are discussed.
Introduction
Systems of classical (i.e. non-quantum) particles interacting via the Coulomb potential are fundamental models of equilibrium statistical mechanics. To mimic adequately the standard 1/r potential in three dimensions (3D), the Coulomb potential in spatial dimension d is defined as the solution of the d-dimensional Poisson equation with given boundary conditions. The longrange tail of the Coulomb potential implies exact constraints (sum rules) on the particle correlations, see reviews [3, 19] . Thermal equilibrium of Coulomb systems is exactly solvable in the high-temperature region within the linear Debye-Hückel mean-field theory [3, 5] .
A simplification of realistic systems of atomic nuclei and electrons is represented by the one-component plasma (OCP) (sometimes referred to as jellium), i.e. a system of equivalent pointlike particles of (say elementary) charge e immersed in a uniform neutralizing background charge density. Although the model is usually studied in three spatial dimensions, its two-dimensional (2D) version is of practical importance in the theory of polyelectrolytes. In the 2D Euclidean space of points r = (x, y), the Coulomb potential φ at point r, induced by a unit charge at the origin 0, is the solution of the 2D Poisson equation and reads as φ(r) = − ln r L .
(1.1)
Here, r ≡ |r| and L is a free length scale which will be set for simplicity to unity. The particles can be represented as infinitely long parallel charged lines in the 3D space which are perpendicular to the considered 2D plane. In the 2D Fourier space, defined by the Coulomb potential has the characteristic form
with singularity at k = 0. The interaction energy of two particles with charge e at distance r equals to e 2 φ(r). The 2D OCP is considered to be in thermal equilibrium at the temperature T , or the inverse temperature β = 1/(k B T ). Due to the presence of the rigid neutralizing background, the jellium system is studied in the canonical ensemble with the overall charge neutrality. The thermodynamics depends only on the coupling constant Γ = βe 2 . Besides the Debye-Hückel limit Γ → 0, the 2D jellium is exactly solvable at Γ = 2 by mapping onto free fermions [2, 12] . The solvable cases involve the bulk regime as well as inhomogeneous, semi-infinite [14] or fully finite geometries, see reviews [6, 8, 15] . For a finite number of particles in a domain, an exact analytic treatment of the partition function and pair correlation functions is possible also at couplings Γ = 4 and Γ = 6, by using expansion in a monomial base via Jack polynomials [22, 30, 31] or by mapping onto a one-dimensional chain of interacting anticommuting variables [23, 25] ; the relation between the two methods was discussed in Ref. [21] . However, in contrast to the exact solution at coupling Γ = 2 which can be performed in the thermodynamic limit, the treatment of the jellium at Γ = 4, 6 becomes very complicated for relatively small number of particles and there is no evidence for a simplification of the formalism in the thermodynamic limit.
Let the canonical averaging be represented as · · · . The particles will be denoted by j = 1, 2, . . . and their position vectors by r j . The microscopic total number density of particles at point r is defined byn(r) = j δ(r − r j ) and the microscopic total (i.e. particles plus background) charge densityρ(r) = en(r) + ρ b . At the one-particle level, one defines the average number density n(r) = n(r) (1.5) and the total charge density
(1.6) At the two-particle level, one introduces the two-body density
One considers also the (truncated) pair correlation function
which goes to 0 when |r − r ′ | → ∞. As concerns the correlation of the microscopic charge densities, one defines the structure function
For an infinite Euclidean surface, the mean density of particles is constant, n(r) = n and ρ b = −en, so the electroneutrality ρ(r) = 0 is local. The particle density n is the parameter which scales appropriately the distance. The two-body quantities are translational invariant, i.e. depend on the distance between the two points:
The thermodynamics of the infinite system depends only on the coupling constant Γ = βe 2 . The long-range character of the Coulomb potential implies exact constraints for the moments of the truncated two-body correlations. The standard sum rules, having their counterparts in any dimension, are the zerothmoment (perfect screening) condition which is available explicitly due to the knowledge of the equation of state for the pressure. The sixth-moment sum rule was derived in Ref. [18] based on "cancellation properties" of certain families of c-diagrams generated from a renormalized Mayer diagrammatic expansion in density,
With regard to the definition of the Fourier transform (1.3), these sum rules can be represented as the small-k expansion of the Fourier transform of the correlation function
(1.14)
According to the definition (1.9) of the structure function, its Fourier transform is related toh(k) as follows.
The homogeneity and translational symmetry of the infinite 2D OCP can be broken by putting a "guest" pointlike particle with charge Ze into the bulk interior of the plasma, say at the origin 0 of the coordinate system. The Boltzmann factor of the guest charge Ze with a jellium charge e at distance r, r Γ Z , can be integrated at small distances r in 2D only if
This lower bound for Z prevents from the thermodynamic collapse of the jellium charge onto the guest charge. Let n(r|Ze, 0) denotes the averaged density of jellium charges in the presence of the guest charge Ze at the origin 0. The corresponding (total) charge density is ρ(r|Ze, 0) = e[n(r|Ze, 0) − n]. If Z = 0 we have trivially ρ(r|0, 0) = 0.
(1.17)
If Z = 1, the fixed particle is the one forming the jellium and we have the obvious identification
where n(0) = n. The plasma sum rules (1.10)-(1.13) then take the form
As concerns the known results for any value of Z constrained by (1.16), the generalization of the zeroth-moment relation (1.19) is obvious, 23) i.e. the charge cloud around the guest charge carries exactly the opposite charge −Ze to maintain the overall electroneutrality. The generalization of the second-moment relation (1.20)
was made in Ref. [26] by using a mapping technique of the 2D OCP onto a discrete one-dimensional anticommuting-field theory. The rederivation of this result and its generalization to a 2D mixture of several species by using the BGY hierarchy was done in Ref. [17] . The extension of the analysis to ionic mixtures in higher spatial dimensions was the subject of Ref. [29] . The aim of this paper is to derive a formula for the fourth moment of the screening cloud around the guest particle with charge Ze. We proceed in close analogy with Sect. 2.3 of Ref. [17] dealing with the second moment of the charge cloud where an assumption was made that this second moment can be expanded in integer powers of Z, i.e. it is analytic in Z around Z = 0. We apply this assumption also to the fourth moment and derive the expansion coefficients by using exact treatment of the limits Z → 0 and Z → ∞, and the known compressibility sum rule for Z = 1. The final result reads as
where
The absolute term of order Z 0 is equal to 0 due to the equality (1.17). The formula is checked in the leading and first correction orders of the DebyeHückel limit Γ → 0 and at the exactly solvable free-fermion point Γ = 2.
The derivation of the fourth-moment condition (1.25) is presented in Sect. 2. It is based on an exact treatment of the limits Z → 0 (Sect. 2.1) and Z → ∞ (Sect. 2.2), and the known compressibility sum rule for Z = 1 (Sect. 2.3). The formula is checked in the leading and first correction orders of the Debye-Hückel limit Γ → 0 in Sect. 3. The check of the formula at the free-fermion point Γ = 2 is given in Sect. 4. Sufficient conditions for sign oscillations of the induced charge density which follow from the secondmoment and fourth-moment sum rules are discussed in Sect. 5. Sect. 6 brings concluding remarks.
2 Derivation of the fourth moment
Introducing the guest charge Ze at the origin 0, one adds to the microscopic plasma Hamiltonian the additional part
is the microscopic electric potential induced by the OCP at the origin. The excess charge density at point r is given by
where · · · denotes the canonical averaging over the infinite (homogeneous and isotropic) plasma system. Within linear response theory, expanding the exponentials in (2.3) to first order in −βĤ ′ the charge density (2.3) can be expanded to first order in Z as follows
Within the Fourier representation (1.2) and (1.3), by using the convolution theorem we obtain that
Formula for the small-k expansion ofS(k) results from the combination of Eqs. (1.14) and (1.15). Consequently,
With respect to the general form of the k 2 -expansion (1.3) for the 2D Fourier transform, we finally arrive at
This is the term of order Z in the expansion (1.25).
Limit Z → ∞
The guest particle with a large charge Ze expels the mobile plasma charges e from its neighborhood region which can be taken as an isotropic disk of large radius R. Then we can assume in the first approximation that there is only the background charge for r < R, while plasma charges fully compensate the background charge for r > R, i.e.
The radius R is determined by the screening condition (1.23) as follows
which corresponds to the term of order Z 3 in the expansion (1.25). Note that this term does not depend on Γ .
The above treatment of the limit Z → ∞ has to be taken with caution because there is a transition region of width ∝ 1/ √ n around r = R where the total charge density ranges between the values −ne and 0 [13] . To estimate its contribution to the fourth moment, we define
where θ is the Heaviside step function and f R (r) reflects the deviation of the exact total density profile from the proposed one in equation (2.8). The electroneutrality condition (1.23) corresponds to the constraint
The curvature effects become negligible in the considered limit R → ∞. Let us shift the reference point at r = 0 to the disk surface via the transformation r = R + x; since R → ∞ the coordinate x covers the whole real axis. We assume that
where F (x) is the transition density profile near a rectilinear wall depending only on the coupling constant Γ (and not on Z) and the terms in o(1) vanish in the limit R → ∞. Rewriting the left-hand-side of the constraint (2.12) as 14) in the limit R → ∞ one arrives at
The contribution of the function f R (r) to the fourth moment of the total charge density is then given by
Since the integral depends only on Γ , the transition function contributes by the lower-order correction Z 2 which justifies the above large-Z analysis. Comparing with the basic formula (1.25) we conclude that there should hold
It is difficult to derive microscopically c 2 (Γ ) from this relation for our specific type of the transition region; we shall rather determine the coefficient c 2 (Γ ) by considering the exactly solvable Z = 1 case in the next subsection. In any case, the proposed formula (2.17) represents an alternative way of determining c 2 (Γ ) and at the same time, based on the present suggestion for c 2 (Γ ), a sum rule for the first moment of F (x) for any coupling Γ .
Z = 1
For Z = 1, the moment relation (1.21) implies that
which determines the coefficient of the term of order Z 2 in the expansion (1.25).
Check in the Debye-Hückel limit
In the Debye-Hückel limit Γ → 0, the expansion of the right-hand side of the fourth-moment condition (1.25) up to terms linear in Γ yields
(3.1) In this section, we derive this expansion by using a renormalized Mayer expansion in density, initiated in Refs. [1, 10, 20] and developed further in Refs. [7, 16, 18, 24] .
Let us consider a mixture of species σ = 1, 2, . . . with charges q σ and homogeneous densities n σ . The background charge density ρ b is given by the condition of overall electroneutrality as follows
We shall also need the definition of the inverse Debye length κ,
3)
The (translational invariant) correlation functions of species σ and σ ′ at distance r will be denoted by h σσ ′ (r).
The Coulomb bonds −βφ(r)q σ q σ ′ of the standard Mayer expansion in density can be replaced via a series resummation by the renormalized bonds −βK 0 (κr)q σ q σ ′ where K 0 is the modified Bessel function of second kind. In contrast to the long-ranged Coulomb bonds, integrals over the renormalized bonds in Mayer diagrams are finite since K 0 (κr) is short-ranged, it goes to 0 exponentially quickly as r → ∞. The crucial quantity of the diagrammatic method is the direct correlation function c σσ ′ (r) ≡ c σ ′ σ (r) whose expansion in β can be written as
The first term on the right-hand side of this equation corresponds to the original one-bond diagram which cannot be renormalized, the second one is the renormalized two-bond Meeron "watermelon" diagram. All other renormalized diagrams possess at least three renormalized bonds and therefore contribute to O(β 3 ). We emphasize that the classification of the renormalized diagrams in powers of β (or Γ ) according to their topology is a special feature of 2D pointlike charges with logarithmic pair interactions.
To obtain the Fourier transform of the direct correlation function (3.4), one needs the Fourier transform of K 2 0 (κr):
Consequently, the Fourier transform of the direct correlation function can be expressed as the small-k series
The correlation function h σσ ′ (r) ≡ h σ ′ σ (r) is short-ranged due to the screening phenomenon and therefore its small-k expansion is regular:
According to the 2D Fourier expansion (1.3), the expansion coefficients are related to the moments of h σσ ′ (r) as follows
The correlation function is related to the direct correlation function via the Ornstein-Zernike (OZ) equatioñ
The next step is to substitute the small-k expansions of the direct correlation (3.6) and correlation (3.7) functions into the OZ equation (3.9) . Setting successively the coefficients to powers of k to 0 implies exact constraints for the moments of h σσ ′ (r) and c σσ ′ (r). The term of order 1/k 2 implies the standard zeroth-moment screening condition
The term of order k 0 leads to the constraint
The term of order k 2 implies
Let us consider a mixture of two species. Plasma particles correspond to species 1 with charge q 1 = e and number density n 1 = n while for dealing with one guest charge q 2 = Ze only we set n 2 = 0. Thus, the background charge density ρ b = −ne and κ 2 = 2πΓ n. Identifying ρ(r|Ze, 0) = neh 21 (r), using the relation (3.8) and setting σ = 2 in the sum rule (3.12), one gets
Finally, substituting the previously derived sum rules (1.23) and (1.24) into this relation we recover the first two terms of the small-Γ expansion (3.1).
To go to higher-order terms in Γ requires very complicated calculations as the contributions to the direct correlation function, resulting from functional derivatives of completely renormalized diagrams, are numerous. As follows from the form of the fourth moment (1.25), the coefficients to powers of Z are finite polynomials in Γ . This indicates a cancellation property of certain families of renormalized diagrams in the expansion of the direct correlation function, as it was in the calculation of the sixth-moment sum rule for the correlation functions of the homogeneous 2D one-component plasma [18] .
4 Check at the free-fermion point Γ = 2 For Γ = 2, the induced charge density ρ(r|Ze, 0) was evaluated in Ref. [26] . Let us recall the definition of the incomplete Gamma function
and the Gamma function Γ (s) ≡ Γ (s, 0) [11] . For positive values of Z, one has
For negative values of Z, it holds that
(4.3) In both cases, the formula for even moments of ρ(r|Ze, 0) is the same:
This result is consistent with formula (1.25) taken at Γ = 2.
Sign oscillations of the induced charge density
The knowledge of certain moments can provide an exact information about sign oscillations of the induce charge density. The interaction Boltzmann factor of the guest charge Ze and a plasma charge e is r Γ Z . If Z > 0, there are no plasma particles at r = 0 and only the background charge contributes to the induced charge density, ρ(0|Ze, 0) = −ne. In the case of a monotonous increase of ρ(r|Ze, 0) from −ne at r = 0 to 0 at r → ∞, each integral d 2 rr 2j ρ(r|Ze, 0) < 0 (j = 0, 1, 2, . . .). On the other hand, the sufficient condition for sign oscillations of ρ(r|Ze, 0) is
If Z < 0, the plasma particles are attracted strongly to the guest charge and ρ(0|Ze, 0) → ∞. In the case of a monotonous decrease of ρ(r|Ze, 0) from ∞ at r = 0 to 0 at r → ∞, each integral d 2 rr 2j ρ(r|Ze, 0) > 0 (j = 0, 1, 2, . . .). The sufficient condition for the sign oscillations of ρ(r|Ze, 0) is
The zeroth-moment condition (1.23) is not informative, neither of the conditions (5.1) and (5.2) with j = 0 can be satisfied.
The second-moment condition (1.24) was analyzed in Ref. [26] and here we only repeat the analysis. For Z > 0, the sufficient condition (5.1) with j = 1 is satisfied provided that
This inequality ensures an interval of positive solutions for Z if Γ > 4. For Z < 0, the sufficient condition (5.2) with j = 1 is identical to the one (5.3). Since the collapse phenomenon requires that Z > −2/Γ , the sufficient condition for sign oscillations reads as We proceed by the analysis of the new fourth-moment condition (1.25). For Z > 0, the sufficient condition (5.1) with j = 2 is satisfied provided that
This inequality of second degree in Z has the explicit solution
There are two important values of Γ . The first one corresponds to the situation when the upper value of Z in (5.6) intersects 0, 2Γ − 7 + |Γ − 1| = 0, i.e. Γ = 8/3. The second one corresponds to the situation when the lower value of Z in (5.6) intersects 0, 2Γ − 7 − |Γ − 1| = 0, i.e. Γ = 6. Thus,
Note that these intervals involve the special value Z = 1 for Γ > 4, i.e. the pair correlation function of plasma particles exhibits sign oscillations. For −2/Γ < Z < 0, the sufficient condition (5.2) with j = 2 is identical to the previous one (5.5) with the same solution (5.6). There is no overlap of this solution with the considered interval −2/Γ < Z < 0 for Γ < 2 and Γ > 6. The overlap is nonzero only in these three cases:
Taking into account all sufficient condition for sign oscillations of the induced charge cloud, from both second-moment and fourth-moment sum rules, we get the requirement
These inequalities have no solution for Γ < 2. For 2 < Γ < 8/3, there exist only negative values of Z. For Γ > 8/3, there are also positive values of Z and they involve the special "plasma" value Z = 1 for Γ > 4. The present sufficient conditions for sign oscillations of the charge density do not exclude the presence of oscillations also for other values of Z and Γ , especially for both Z and Γ large.
Conclusion
The aim of this paper was to derive the fourth-moment condition (1.25) for the charge density induced around a guest charge Ze in the two-dimensional jellium. The derivation was based on the assumption that the fourth moment is an analytical series in Z. The large-Z analysis performed in Sect. 2.2 indicates that the series is finite, up to the Z 3 term. Then the knowledge of the Γ -dependence of the limit Z → 0 (2.7) and of the special case Z = 1 (2.18) permits one to obtain the fourth moment of the induced charge density (1.25) . This result was checked in the Debye-Hückel limit Γ → 0 and its first Γ correction (Sect. 3) and at the free-fermion point Γ = 2 (Sect. 4).
At Γ = 2, considering in the explicit formula for the 2j moment of the induced charge density (4.4) that
this moment is the finite polynomial in Z of degree j + 1. Since the coupling Γ = 2 is not exceptional from the point of view of moments it is natural to assume that the 2j-th moment of the induced charge density is a finite polynomial in Z of degree j + 1 for any value of Γ . This suggestion is supported by a straightforward extension of the large-Z analysis of Sect. 2.2 to higher moments: This term, which does not depend on Γ , is easily detectable in formula (4.4) for the 2j-th moment at Γ = 2 due to the relation
To go beyond the fourth moment is prevented by a complicated form of the coefficients of the finite Z-series which are probably no longer finite polynomials in Γ . Like for instance, the coefficient to the term linear in Z is not known for the sixth and higher moments since the expansion ofS(k) in (2.5) is available only up to k 6 power or, in other words, there is no exact result for the 8th moment of the pair correlation function of plasma particles [9] .
The derivation of the fourth moment of the charge density around a guest charge in the 2D jellium was based on plausible, but not rigorously justified arguments. Like for instance, the fourth moment (1.25) is assumed to be a finite polynomial in Z, i.e. analytic around Z = 0, without specifying the radius of convergence. The correct reproduction of the Z = 1 case and of the limit Z → ∞ indicate that for positive Z the radius of convergence is infinite. This indication is supported by the fact that the coefficients of the polynomial expansion (1.25b) are finite for any coupling Γ of the fluid phase. As concerns the negative values of Z, the collapse phenomenon at Z = −2/Γ certainly limits the convergence of the finite polynomial series to Z > −2/Γ . The rigorous validity of the second-moment condition (1.24) for all Z > −2/Γ also supports the analogous convergence properties of the fourth moment.
An open question is the generalization of the fourth-moment condition for the 2D jellium to other Coulomb fluids containing various types of interacting charged species. In the case of the second-moment, such generalization was made in 2D by using the BGY hierarchy in Ref. [17] and in higher spatial dimensions in Ref. [29] . To accomplish this aim one has to go to higher orders of the BGY hierarchy and to truncate the hierarchy via new symmetries of many-particle correlation functions which we were not able to recognize so far.
